Abstract-Time dependent hereditary properties of complex materials are well described by power-laws with real order exponent. This experimental observation and analogous electrical experiments, yield a description of these properties by using fractional-order operators. In this paper, elasto-viscous and viscoelastic behaviors of fractional order hereditary materials are firstly described by using fractional mathematical operators, based on recent work of some of the authors. Then, electrical analogous models are introduced. Viscoelastic models have elastic and viscous components which can be obtained by combining springs and dashpots: these models can be equivalently viewed as electrical circuits, where the spring and dashpot are analogous to the capacitance and resistance, respectively. The proposed models are validated by using modal analysis. The use of electrical analogous in viscoelasticity can better reveal the real behavior of fractional hereditary materials.
I. INTRODUCTION
The fractional calculus involves scientists belonging to various areas including viscoelasticity. [1] - [7] . In this context, mechanical models of fractional hereditary materials (FHM) have been introduced during the last century, in order to describe rheological stress-strain behavior in time domain. By classifying FHM as Elasto-Viscous (EV) and Visco-Elastic (VE), some of the authors have proposed both an exact and a discrete mechanical model of FHM [8] , [9] . Moreover, the analogy between viscoelastic behavior and electrical elements constitutive equations is well-known so that, in spite of different physical meanings, the various used models, can also be applied to predict a circuit behavior [10] - [12] . In the paper, mechanical models of viscoelasticity behavior are firstly approached. Materials belonging to EV class are characterized by a dominant elastic behavior that leads to stress-strain relations involving fractional operators with index β ∈ [0, 1/2] (β = 0 is for a perfectly elastic behavior). VE materials show a dominant viscous behavior that leads to stress-strain relations with fractional operator order β ∈ [1/2, 1] (β = 1 is for of pure Newtonian fluid). So, EV material can be mechanically described, by an indefinite column of fluid resting on a bed of independent springs. VE material can be viewed by an indefinite shear type column resting on a bed of independent dashpots [8] . Discrete models of these continuous behaviors are depicted [9] and then, a general electrical analogous circuit is introduced in order to predict the behavior of FHM in an alternative way [13] . The proposed analogies are validated by using modal analysis.
II. MECHANICAL MODELS OF FHM
Rubbers, polymers, bones, bitumen and many other materials, have a viscoelastic mechanical behavior [14] - [18] . The elastic behavior is typical of simple solid materials in which the strain history γ(t) is linked by the stress history σ(t) through a proportional relation as shown in Eq. (1):
where E is the Young modulus (Pascal). The equation Eq. (1) shows the so-called Hooke law, the mechanical model of elasticity is represented by a perfect spring with stiffness E as shown in Fig. 1 . The viscous behavior is typical of a perfect fluid modeled by the Newtonian law, as shown in the following equation:
where η is the viscosity (Poise) of the fluid. In this case the stress history σ(t) is related to the rate of deformationγ(t) and the model that describes this behavior is the dashpot shown in Fig. 2 . The models of Fig. 1 and Fig. 2 cannot be used to describe the viscoelastic behavior. So, various models have been introduced, in which the stress-strain relation is described with a differential relations [19] , [20] . Moreover, from the relaxation function G(t) representing the stress σ(t) for an assigned strain history γ(t) = H(t) (where H(t) is the unit step function), and by using the Boltzmann superposition integral, the following stress-strain integral relation is obtained (valid for quiescent system at t = 0):
Several experimental results show that G(t) follows a powerlaw trend [21] - [24] :
where Γ(·) is the Euler gamma function, C(β) and β are parameters that depend on the specific material. By using the relaxation function of Eq. (4) and applying the Boltzmann superposition integral of Eq. (3), another stress-strain relation can be obtained:
where
is the Caputo's fractional derivative [25] - [28] of order β of strain history γ(t) with respect to time t, that is defined as:
The Eq. (5) shows the stress-strain relation of a new mathematical model of viscoelasticity that is known as spring-pot [29] , [30] ; the involved β order of fractional operator is defined in the range ]0, 1[ (β = 0 corresponds to pure elastic behavior of Eq. (1), while β = 1 represents the pure viscous behavior of Eq. (2)).
Two different cases of viscoelasticity behavior can be distinguished: Elasto-Viscous, where 0 < β < 1/2 and the elastic phase dominates; Visco-Elastic, where 1/2 < β < 1 and viscous phase dominates [8] .
For EV materials the exact mechanical model is a massless indefinite fluid column resting on a bed of independent springs as shown in Fig. 3 , while for VE materials the exact mechanical model is a massless indefinite shear-type column resting on a bed of independent dashpot, Fig. 4 . By introducing a z coordinate, both for the EV and VE models, the fractional stress-strain relation of Eq. (5) is obtained at the top of the lamina if the following expressions are used as stiffness k i (z) and dashpot coefficients c i (z) (i = E for EV model and i = V for VE model):
By imposing the proper boundary conditions, the following expressions valid at the top of the lamina are obtained:
where the coefficients C E (β) and C V (β) are defined as:
Moreover, the mechanical models can be discretized and easily solved by a classical modal analysis [9] . The extension of fractional multiphase viscoelastic model can also be obtained [31] , [32] .
As it can be easily observed, the elastic law between stress and strain history modeled by a perfect spring, is analogous to Ohm law in which electric current i(t) and voltage v(t) are related by a linear relation; the Newtonian law is analogous to that of a purely capacitive element in which the electric current is related to the voltage temporal ratev(t). For an intermediate electrical behavior, between the purely capacitive and the purely resistive, a fractional current-voltage relation results. So a proper fractional electrical model of viscoelasticity can be straightforwardly obtained [13] .
III. FRACTIONAL ELECTRICAL CAPACITOR
The well-known Curie's law [33] is an empiric relation between the current i(t) and the applied voltage v(t) = H(t) · V (being H(t) the unit step function) of a real capacitor:
while c(β) is a constant depending on the physical characteristics of the capacitor. c(β) and β can be obtained by experimental data. Eq. (10) can be viewed as the relaxation function. In fact, when v(t) is applied to the capacitor, the corresponding i(t) has a power law decay, then it relaxes. The current related to V = 1 is denoted as G E (t) and can be called "Electrical-Relaxation Function" (ERF):
By applying the Boltzmann superposition principle, the current history in the capacitor due to a voltage v(t) can be expressed as follows:
The kernel of such a convolution integral is the ERF. Thus, the following relation is obtained:
By applying the Laplace transform, the following relation between ERF and ECF results:
J E (s) and G E (s) as the Laplace transforms of J E (t) and G E (t), respectively. By using equation Eq. (15), the ECF in time domain is obtained: 
After some trivial manipulations of the previous equation, it follows:
is the Riemann-Liouville fractional integral. Power law of J E (t) or G E (t) shows that the fractional capacitor exhibits a long-tail memory [34] , [35] . It can be called fractional hereditary capacitor. In the next section the electrical equivalent circuit of Eq. (13) is presented.
IV. ELECTRICAL EQUIVALENT OF FRACTIONAL

CAPACITOR
In this section a general electrical circuit model whose constitutive law is expressed by Eq. (13), is presented. By considering the elemental circuit of Fig. 5 , the following diffusion equation holds: For β > 1/2 the coefficients of Eq. (19) are:
where α = 2β − 1.
By inserting the coefficients of Eq. (20) in Eq. (19), it follows:
∂v(x, t) ∂t (21) so the following equation holds:
with τ β = rcΓ(2 − 2β)/Γ(2β).
By using Laplace transform, the following relation holds:
where 
with I β (·) and K β (·) as the modified Bessel functions of first and second kind, respectively. By imposing the following boundary conditions:
the following relation is obtained: , t) , s}. The fractional relation can be obtained by imposing the following:
where:
the subscript c denotes that the system is more capacitive then resistive. By taking inverse Laplace transform of Eq. (27) it follows:
If β = 1/2 ⇒ α = 0 ⇒ c c (1/2) = r/c and Eq. (27) reduces to the following [13] :
For the case 0 < β < 1/2 the coefficients reported in Eq. (20) are modified as follows:
with α = 1 − 2β; in this case the coefficient of Eq. (28) becomes:
In this case the system is more resistive than capacitive and the subscript r denotes this behavior. By repeating the same procedure of the previous case, the following expression can be found:
Also in this case, if β = 1/2 the Eq. (30) is verified.
V. NUMERICAL VALIDATION
A discretized version of the electrical circuit shown in Fig. 5 can be obtained by considering the C-R cell valid for a small but finite abscissa intervals Δx [13] . By introducing a discretization of the x-axis as x j = jΔx into the governing Eq. (19) we get a finite difference equation as:
so that, denoting c j = c(x j )Δx and r j = r(x j )Δx, the continuos model is discretized into a lumped model with the following coefficients:
By supposing that the discretized circuit is driven by a current source i s (t), the following equations hold:
For simplicity's sake the case with β = 1/2 is considered: so, the coefficients in the Eq. (36) become constants, r j = rΔx and c j = cΔx ∀j, and the lumped circuit driven by current source becomes like the one shown in Fig. 6 : 
, and A i is the following tridiagonal matrix
. Since A i is symmetric (and positive as definition), the matrix Φ whose j − th column is the eigenvector φ j leads to the following relations:
where Λ is the diagonal matrix whose j − th element is the eigenvalue λ j . By performing the following coordinates transform:
in Eq. (37), and multiplying on the left by Φ T , the following relation is obtained:ẏ
where u T is the first row of the matrix Φ, namely:
From equation (42) it results that in the modal space y the differential equations are decoupled and are given in the form:
and so:
where y j (0) = φ T j v(0) and ρ j = μλ j . Once all the responses y j (t) are evaluated, the voltage vector v is readily formed as:
the response in terms of voltage, which is related to fractional half derivative of the imposed current i s (t), is in the first term of the vector v.
The eigenvalues λ j of matrix
μ A i and the corresponding eigenvectors φ j normalized with the identity matrix, are:
; j, k = 1, 2, . . . , n (46) where φ k,j is the k − th component of the vector φ j .
As an example, let us suppose that the imposed current is expressed by i s (t) = H(t), by using the introduced method to modeling the fractional capacitors and the aforementioned modal analysis the response in terms of voltage is found. The  Fig.7 shown the voltage response and the comparison between the approximate solution, that is obtained by the discrete model of capacitor, and the well known exact solution of this problem in terms of ECF. 
VI. CONCLUSION
Mechanical models of materials viscoelasticity behaviour have been approached by using fractional calculus. Then, a general electrical analogous model of fractional hereditary materials has been introduced. In fact, viscoelastic models have elastic and viscous components which can be obtained by combining springs and dashpots: these models can be equivalently viewed as electrical circuits, where the spring and dashpot are analogous to the capacitance and resistance, respectively. The proposed model has been validated by using modal analysis. The use of electrical analogous in viscoelasticity can help to better investigate the real behavior of fractional hereditary materials.
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